We present an innovative approach that allows superresolved images to be obtained by axial moving of two gratings and time integrating in the detector plane. The two gratings do not have to be in contact with either the object or the detector, and both are positioned between the object and the image planes. One of the main applications for the proposed approach in contrast to previously discussed time multiplexing superresolving methods is that it may fit well to superresolved imaging of remote objects, since both gratings are not in contact with either the object or the detector planes.
INTRODUCTION
Superresolution is one of the most applicable topics in optical data processing and imaging, since it can substantially reduce the cost of imaging systems and provide improved performance in exchange for payment in domains that are a priori available, i.e., in features that are a priori known as not being occupied with information [1, 2] . Such domains can be time [3] , wavelength [4] , polarization [5] , field-of-view [6] , and gray-level coding [7] . These methods used to improve the spatial resolution of optical imaging systems have been unified in the Wigner domain by means of space-bandwidth product adaptation [8] [9] [10] .
One of the most appealing approaches used to obtain superresolution is related to the temporal degree of freedom; that is, the one in which the a priori knowledge involves temporally restricted objects. But time multiplexing can be implemented in a wide variety of ways [1] [2] [3] and can be applied to several fields in which digital holography plays an important role. Examples of these fields can be found in lithography [11] , microscopy [12, 13] , remote sensing [14] , far-field imaging [15, 16] , and threedimensional (3-D) coherence tomography [17, 18] . Two interesting configurations previously discussed in the field of superresolution of temporally restricted objects involve two gratings that are transversally shifted: One is attached to the object and the other to the detection plane [3, 19, 20] . The fact that both gratings are in contact with the two planes sometimes caused problems in applying this approach to some applications where the object plane, for instance, was not accessible. The attachment of gratings to both object and image planes can be solved by projecting the grating onto the object [21] and by computer decoding with a digitally generated grating [22] , respectively.
Another interesting approach to superresolution involves two or three fixed gratings, and the superresolved image is obtained by payment in the field of view [23] [24] [25] . The advantage of this concept is the fact that these gratings are in a noncontact position with the object/detector. In the case when only two gratings are used [23] , one of them is not positioned between the object and the detector but rather outside this volume, which imposes several problems on the practical realization of such a setup. The solution for this problem required three fixed gratings [24, 25] , all of them positioned between the object and the image planes.
In this paper we propose an approach that combines the advantages of the previously mentioned two concepts or, in other words, minimizes their disadvantages. We use two rather than three gratings. Furthermore we do not pay with the field of view but rather do time averaging, which is a more acceptable payoff, and yet our gratings are not in contact and both are located between the object and the image planes. In order to achieve this outcome, the two gratings are shifted in axial rather than transversal movement. However, obviously the superresolving effect is transversal. Another very important advantage of the proposed configuration is that it provides not an approximation but rather an exact superresolution also for the spatially coherent case, something that is not obtained in the previously developed time multiplexing approaches.
In Section 2 we present a full mathematical derivation of the proposed approach. Section 3 includes a numerical investigation and a proof of concept. The paper is concluded in Section 4.
MATHEMATICAL DERIVATION
In our mathematical analysis we will assume 1-D objects in order to simplify the mathematical treatment. However, the expansion for the 2-D case is straightforward.
The suggested configuration may be seen in Fig. 1 . The 4F system having a band-limited aperture in the 2F plane imitates a regular imaging system with a magnification factor of 1. The aperture placed in the 2F plane imitates the aperture of the imaging lens.
The first grating, called the encoding grating, is placed in the object space just between the object and the first imaging lens at an arbitrary distance of z 0 from the object. The same happens at the image plane where a second grating, called the decoding grating, is placed at a distance of z 0 in front of the image plane. Both gratings are moved axially instead of transversally, and this movement is produced in a synchronous way but in different directions. Figure 1 shows this effect by means of two arrows that point toward each other. For this reason, we assume that z 1 ͑t͒ = z 0 + vt =−z 2 ͑t͒, z 1 ͑t͒ and z 2 ͑t͒ being the axial distances from the object and image planes to the encoding and decoding gratings, respectively.
We will denote the input object by g͑x͒. To fully denote the effect of the grating positioned a given free-space distance from the object, we free-space propagate the field distribution, multiply it by the grating, and then backpropagate the light to the original plane. Now that the effect of the grating has already been taken into account, it may be eliminated from the analytical course of the system's analysis. We will start with the derivation of the spatially coherent case and then go to the incoherent one.
The field distribution after free-space propagation of z 1 equals
where G͑͒ is the Fourier transform of the input object and is the spatial frequency. The quadratic phase factor is the transfer function of free-space propagation by distance z 1 under Fresnel approximation. We multiply this distribution by the encoding grating, expressed as the Fourier series:
Then we perform free-space backpropagation of −z 1 to obtain the field distribution in the input plane while the effect of the grating is included. A simple but lengthy mathematical derivation provides the following:
As expected, the combined grating-object is equivalent to a set of displaced copies of the object, each one traveling at a different angle (as given by the linear phase factors) and with a diffraction-order-dependent phase. We have used the hat over the amplitude to stress that this distribution is a virtual one, which replaces the object and the grating for any plane after the grating. The imaging from the input plane to the output is performed in three steps. First, the input is Fourier transformed (with scaling F), which gives the distribution at the aperture plane. Then we multiply by the aperture function, which is assumed to be a rectangle function with full width ⌬. Finally, a new Fourier transformation (also with scaling F) provides the output plane complex amplitude:
where xЈ is the spatial variable in the output plane and irrelevant amplitude terms ͑F͒ have been dropped. Equation (4) shows that the spectrum of the input is replicated by the diffraction orders of the grating, each replica being affected by a different tilt and global phase. Each replica of the spectrum is displaced, allowing the rectangular aperture to pass a different bandpass for each order. The purpose of the second grating in the system will be to reposition these bandpasses in the proper locations, and the movement of the grating will remove the undesired cross terms. Equation (4) represents a virtual distribution, as the true amplitude should consider the effect of the second grating. For this purpose, we perform a free-space propagation of distance z 2 in order to reach the decoding grating plane. As in the propagation between the input and the first grating planes, this operation is done in the angular spectrum of the distribution in Eq. (4) by multiplying by the free-space propagation associated with axial distance z 2 . The resulting distribution is multiplied by the second grating, whose fundamental frequency is assumed to coincide with that of the first grating:
A new propagation by distance −z 2 gives the final output field distribution:
This equation is significantly simplified if we assume that the gratings are moving in opposite directions and synchronously in time:
Then the time-dependent output distribution is
Inspection of Eq. (8) shows that in all terms, except in the rectangle function, the indices are paired. This corresponds to a cancelling of both quadratic and linear orderdepending terms. To achieve this cancellation, we perform time integration. The integration over the timedependent terms gives
͑9͒
That is, the time integral is nonzero only for n = m when it takes a unity value. From a physical point of view, the time integration gets rid of the cross terms, owing to the time variation of phase of these terms. Eventually, the light diffracted in a given diffraction order by the first grating is coupled only with the corresponding order of the second grating. Then the final output consists in the temporal averaging of the field given by Eq. (8), which results in
This equation gives the superresolved output. Note that similar to the regular approach of time multiplexing, in order to realize the time averaging properly here, one needs the time of integration, T, to fulfill
where V is the velocity of movement of the grating and T is the integration period. Equation (10) is the classical expression for superresolution [1] , representing the Fourier transform of the spectrum of the object multiplied by a synthetic aperture. The synthetic aperture [in square brackets in Eq. (10)] increases the width with respect to the original rectangular aperture by a number equal to the highest index n for which the coefficients A n B n are not zero, i.e., the highest diffraction order of the encoding/decoding gratings.
It is worth noting that the output field expression in Eq. (10) gives a closed form for the output where the synthetic aperture can be factorized. This is in contrast with the case when lateral movement of the gratings is used, where it is needed to assume the approximation of a synthetic aperture much larger than the spectral width of the input [1, 2] . This fact constitutes a great advantage in the case of objects that are not band limited (like many practical cases with abrupt borders). These cases can be handled exactly and precisely by the method proposed in this paper.
We have obtained a well-defined coherent transfer function (CTF). Thus for the fully spatially incoherent case, when the system becomes linear in intensity, the behavior is governed by the optical transfer function (OTF) that is obtained as the autocorrelation of the CTF:
͑12͒
For both coherent and incoherent cases, the most advantageous situation for increasing the system's bandpass is when the frequency of the grating is such that the bandpasses of the synthetic aperture are touching side by side ͑⌬ = F 0 ͒. As a particular case of interest, a grating with orders from −N to N with equal amplitude will result in a rectangular synthetic aperture of size ͑2N +1͒⌬. Consequently, the incoherent OTF is just a triangle function with a total width of 2͑2N +1͒⌬.
NUMERICAL INVESTIGATION
The schematic configuration of Fig. 1 was numerically realized for the 2-D case. A superresolution factor of 5 was aimed for. The movement of the grating was between 0.1 and 0.9 of the critical distance Z c , beyond which the angular spectrum approach for numerical computing of the Fresnel-Kirchoff discrete convolution is not accurate [26] :
where ␦x is the spatial resolution of the object, is the wavelength, N is the number of pixels used for the simulation, and L x is the size of the object (i.e., the size of the axis of the matrix that is being free-space transformed).
In the simulation we chose ␦x =10 m, = 0.5 m, and N = 256 (i.e., the matrix was N ϫ N). Therefore the distance Z c in this case was 5.12 cm. The aperture was a square aperture of 1 / 16 of the matrix dimensions, and we intended to improve the resolution for a factor of 5 in every axis. The obtained results are seen in Fig. 2 . In Fig.  2(a) we present the intensity point-spread function obtained without applying the superresolving approach. In Fig. 2(b) we present the point-spread function obtained for various encoding/decoding gratings designed to have a superresolved factor of 5. On the left-hand side of Fig. 2(b) we see the point-spread function obtained with the graylevel (phase and amplitude) grating, and on the righthand side it was obtained with the binary phase grating (phase of zero and ). In Fig. 2(c) we present the cross section of the OTF. The left panel is obtained with the graylevel grating, and right is with the binary phase grating. In both images one may see the OTF with and without applying the superresolving approach. In the OTF charts one may indeed see an improvement factor of 5 times in the spectral band width of the imaging system. In Fig. 3 we applied the proposed superresolving approach over the USAF resolution target image. The target image is seen in Fig. 3(a) . The low-resolution image obtained after imaging through the imager is seen in Fig.  3(b) . Figure 3(c) presents the reconstructed image after applying the axial movement of the gratings. The presented results were obtained for spatially incoherent illumination. The reconstruction of Fig. 3(c) is obtained in an all-optical way. No image postprocessing was applied except for subtracting the low-resolution image of Fig. 3(b) .
CONCLUSIONS
In this paper we have presented a novel superresolving approach based upon time integration of light captured in a detector during synchronized axial movement of two gratings positioned between the object and the image planes. In many methods that rely on encoding of the an- gular information of the input object, an encoding element (a grating) must be located close to the input object plane. This condition limits in principle the application fields to those situations where the object can be physically accessed, discarding those cases such as remote sensing or astronomy where the imaging system is far from the object (practical examples where those methods can be successfully applied are microscopy and lithography). In the proposed approach we do not have this limitation.
The suggested approach has several advantages over existing configurations. First, the superresolution for the spatially coherent case is obtained without any kind of approximation, in contrast to the approach of two transversally moving gratings [27] . Second, both gratings are located between the object and the image planes without requiring physical contact with those planes, which simplifies significantly the experimental setup in comparison with other approaches [3, [19] [20] [21] [22] . Third, the superresolution effect is produced without the field-of-view restrictions seen in other approaches [23] [24] [25] . This paper presents a mathematical derivation of the approach as well as its numerical validation.
